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Abstract. Let r2 be an arbitrary smooth bounded domain in R'^ and e > be 
arbitrary. Squeeze fl by the factor e in the y-direction to obtain the squeezed domain 
= { (x,ey) \ (x,y) ^ fl}. In this paper we study the family of reaction-diffusion 
equations 

ut=Au + f{u), t>o,{x,y)en, 
du,u = 0, t>0, ix,y) e dQe, 

where / is a dissipative nonlinearity of polynomial growth. In a previous paper we 
showed that, as e ^ 0, the equations (Ee) have a limiting equation which is an ab- 
stract semilinear parabolic equation defined on a closed linear subspace of H^(Q). 
We also proved that the family A.e of the corresponding attractors is upper semicon- 
tinuous at e = 0. In this paper we prove that, if fl satisfies some natural assumptions, 
then there is a family A^e of inertial C^-manifolds for (Ec) of some fixed finite di- 
mension ly. Moreover, as e ^ 0, the flow on A4e converges in the C^-sense to the 
limit flow on A4o. 



1. Introduction 

Let O be an arbitrary smooth bounded domain in and e > be arbitrary. 
Write {x,y) for a generic point of M?. Given e > squeeze O by the factor e in 
the ^/-direction to obtain the squeezed domain O^. More precisely, let T^: ^ M^, 
{x, y) i-H> (x, ey) and Oe := Te(0). 

Consider the following reaction-diffusion equation on Q^: 

Ut = Au + f{u), t>0, (x,y)GO, 
^ d^^u = 0, t > 0, G dn,. 



Here, is the exterior normal vector field on dfl^ and /: M — M is a -nonlinearity 
of polynomial growth such that limsupui^oo fi^)/^ — ^or some ( > 0. These 
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hypotheses imply that (Ig) generates a semiflow = n^j on H^{flf:) which has a 
global attractor Ae = Aej- 

As e — > the thin domain fig degenerates to a one-dimensional interval. 

One may ask what happens in the limit to the family (7fe)e>o of semiflows and 
to the family {Ae)e>o of attractors. Is there a limit semiflow and a corresponding 
limit attractor? 

This problem was first considered by Hale and Raugel in [7] for the case when 
the domain O is the ordinate set of a smooth positive function g defined on an 
interval [a,b], i.e. 

Q = {{x^y) \ a < X < b and < y < g{x) }. 

The authors prove that, in this case, there exists a limit semifiow ttq, which is 
defined by the one-dimensional boundary value problem 

ut = {l/g){9Ua:)x + f{u), t>0,xe]a,b[ 
° Ux = 0, t > 0, X = a, b. 

Moreover, ttq has a global attractor and, in some sense, the family (^e)e>o is 
upper- semi continuous at e = 0. 

Hale and Raugel also prove that one can modify the nonlinearity / in such a 
way that each modified semiflow 7t[ possesses an invariant C"^ -manifold Me of some 
fixed dimension u which includes the attractor Ae of the original semiflow 7fg. The 
semiflows Tr^ and n'^ coincide on the attractor A^. 

Moreover, as e — >^ 0, the reduced flow on Aie C^-converges to the reduced flow 
on Mq. 

If the domain Q is not the ordinate set of some function (e.g. if 0, has holes or 
different horizontal branches) then (Iq) can no longer be a limiting equation for 

(le). Nevertheless, as it was proved in [15] the family tt^ still has a limit semiflow. 
Moreover, there exists a limit global attractor and the upper-semicontinuity result 
continues to hold. 

In order to describe the main results of [15] we flrst transfer the family (1^) to 
boundary value problems on the fixed domain Q. More explicitly, we use the linear 
isomorphism $g: if^(rie) iy^(ri), u ^ u o Tg, to transform problem (Ig) to the 
equivalent problem 

ut ^Uxx + \uyy + f{u), t>0,{x,y)ei} 

(2e) 1 

Uxi^i + ^%^^2 = 0, t > 0, (x, y) e dQ. 

on Q. Here, = (z/i, z/2) is the exterior normal vector field on dQ. 
Note that equation (2^) can be written in the abstract form 



u + AeU = f{u) 
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where f:H^{Q,) L^(f2) is the Nemitski operator generated by the function /, 
and Af^ is the linear operator defined by 

A^u — —Uxx 2^yy ^ -^^(^) foi" ^ iy^(ri) with Uxi^i H — :^UyV2 = on dVL. 

Equation (2e) defines a semiflow tt^ on H^{Q) which is equivalent to TTe and has the 
global attractor Ae '■= $e(.4e), consisting of the orbits of all full bounded solutions 

of (2,). 

The operator is, in the usual way, induced by the following bilinear form 
ae{u,v) := I {uxVx + ^UyVy)dxdy, u,v e H'^{Q). 
Notice that, for every fixed e > and u e H^{Q), the formula 

1/2 



tt|e = (^a^{u, u) + \u 



2 

L2(0) 



defines a norm on H^{Q) which is equivalent to | • |iji(f2). However, \u\e — >^ oo as 
e — > 0+ whenever in L^(n). 
In fact, we see that for u e H^{Q) 

/j-^ dx dy, if Uy = 



lim ae(tt, tt) = 

e^o+ [ +00, otherwise. 

Thus the family a^{u, u), e > 0, of real numbers has a finite limit (as e — > 0) if and 
only if M e i7g (n), where we define 

Hl{n) ■={ue H\n) I % = 0}. 

This is a closed linear subspace of if^(O). 

The corresponding limit bilinear form is given by the formula: 

ao{u,v) := / UxVxdxdy, u,v E hI(Q,). 
■hi 

The form gq uniquely determines a densely defined selfadjoint linear operator 

Ao:D{Ao)GHl{n)^Ll{n) 

by the usual formula 

ao{u,v) = (Aqm, w)i,2(f^), for u e D{Ao) and v e Hl{Q). 

Here, Ll{0,) is the closure of Hl{Q) in the L^-norm, so Ll{Q) is a closed linear 
subspace of L^(n). 

It follows that the Nemitski operator / maps the space Hl{Q) into L^{0,). Con- 
sequently the abstract parabolic equation 

(2o) u = -Aqu + f{u) 

defines a semifiow ttq on the space HI{VL). This is the limit semifiow of the family 
TTe- In fact, the following results are proved in [15]: 
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Theorem A. Let (en)neN be an arbitrary sequence of positive numbers convergent 
to zero and (itn)neN be a sequence in L^{fl) converging in the norm ofL^{fl) to some 
uq e Lg(f2). Moreover, let {tn)nefi be an arbitrary sequence of positive numbers 
converging to some positive number to. 
Then 

If, in addition, Un G H^{Q) for every n e N and if uq e Hl{Q), then 



UnT^etn — UoTTotole^ ^ aS n ^ OO. 



The limit semiflow ttq possesses a global attractor ^o- The upper-semicontinuity 
result alluded to above reads as follows: 

Theorem B. The family of attractors (^e)eg[o i] upper- semicontinuous at e = 
with respect to the family of norms \ ■ \e- 



This means that 



lim sup inf \u — v\f: ~ 0. 

e^0+ ueAe ^^-^0 



In particular, there exists an ei > and an open bounded set U in (Q) including 
all the attractors Ae, e e [0,ei]. 

The definition of the linear operator Aq, as given above, is not very explicit. 
However, as it is shown in [15], there is a large class of the so-called nicely de- 
composed domains (see Figure 1) on which Aq can be characterized as a system 
of one-dimensional second order linear differential operators, coupled to each other 
by certain compatibility and Kirchhoff type balance conditions. In this case, the 
abstract limit equation (2o) is equivalent to a parabolic equation on a finite graph 
(see Figure 2). 

Let {Xu)ueN be the nondecreasing sequence of the eigenvalues of the limit oper- 
ator Aq (each of the eigenvalues being repeated according to its multiplicity). The 
first main result of the present paper says that given a nicely decomposed domain 
Q satisfying some natural additional condition it follows that the sequence (Ai^)i^gN 
satisfies the following gap condition: 

(1.1) limsup \\7/'^ >0. 

(Cf. Theorem 4.8.) 

The hypotheses of Theorem 4.8 are, in particular, satisfied in the ordinate set 
case considered in [7]. 

Now the second main theorem in this paper is the Incrtial Manifold Theorem 5.2. 
This theorem says that under hypothesis (1.1) there is an eg > 0, eo < ei, and there 
exists a family Aie, < e < eo of (inertial) C^-manifolds of some finite dimension 
v such that, whenever < e < eo, then Ae C Me and the manifold A^g is locally 
invariant relative to the semiflow TTe on the neighborhood U of the attractor Ae- 
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Furthermore, as e ^ 0, the reduced flow on the manifold Me converges in the 
C^-sense to the reduced flow on Mq. 

In particular, our inertial manifold theorem contains, as a special case, the in- 
ertial manifold theorem of Hale and Raugel and it even improves the latter. In 
fact, for each e > small enough, our inertial manifold is (globally) invariant 
with respect to some modifled semiflow n'J coinciding with the original semiflow tt^ 
on the neighborhood U of the attractor Ae- Thus, close to the attractor. Me is a 
locally invariant manifold for the 'true' semiflow n^. On the other hand, the modi- 
fied semiflow considered in [7] is, in general, different from the original semiflow on 
every i/^ -neighborhood of the attractor. 

In order to prove their result. Hale and Raugel flrst develop ilf ^-estimates for 
the attractors, which in turn imply the corresponding L°°-estimates. Then they 
modify the nonlinearity /: M — > M so as to obtain a bounded nonlinearity /: M — > M 
which induces a globally Lipschitzian Nemitski operator from L^(0) to itself. Then 
they prove the existence of inertial manifolds in the space L^(ri) using the 'cone- 
squeezing' technique. This modiflcation of the function f is the main reason why 
the modifled semiflow Tr'e = tt^ j coincides with the original semiflow 7fg = TTej only 
on an ilf ^-neighbor hood the attractor. 

In the present paper we apply the well-known technique for proving existence 
of invariant manifolds based on the contraction principle in an appropriate space 
of functions of exponential growth. In some cases, this method can be applied in 
a direct way to obtain existence of inertial manifolds (see e.g. [4], cf. also [18]). 
Unfortunately, such a direct application of this method to the present case does not 
work, since the gap condition (1.1), which is the best one possible, does not produce 
gaps which are 'big enough' to counterbalance the Lipschitz constant produced by 
the given Nemitski operator. As a consequence, the nonlinear operator used to 
deflne the inertial manifold Ale is not a contraction with respect to the natural 
norm \u\e- 

At this point we use a beautiful idea due to Brunovsky and Terescak [3]. This 
idea consists in replacing the norm \u\e by the equivalent norm 

\\u\\e — L\u\l2 + l\u\e- 

This new norm depends on two positive constants L and I and one tries to de- 
termine these constants in such a way that the operator F^ is a contraction with 
respect to the new norm. That such a choice is possible in our case follows by 
an application of the Gagliardo-Nirenberg inequality. Moreover, instead of modi- 
fying the nonlinearity / we only need to modify the corresponding Nemitski oper- 
ator f:H^{Q,) — > L^(f2), so as to obtain a globally Lipschitzian nonlinear operator 
g: H^{D,) — > L^(fi) which coincides with / on U. This is the reason why the modifled 
semiflow coincides on U with the original semiflow. 

The reader is referred to the Reference section for some additional papers on thin 
domain problems. More extensive bibliography is contained in the survey paper [17] 
by G. Raugel. 
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In this paper we use standard notation, writing R and N to denote the set of 
reals and positive integers, respectively. We also identify R x R with R^, writing 
(x, y) for a generic point of R^. Finally, we denote by C} and by the Lebesgue 
measure in R and R^ respectively. 

2. Preliminaries 

In this section we recall a few definitions and notations from [15]. We also discuss 
the existence and differentiability of Nemitski operators generated by real function. 
Let f2 be a bounded domain in R^ with Lipschitz boundary. 
For e > define the symmetric bilinear form 

a^:K^{p) X if^(O) ^R 

by 

aj^u.v) := j (^xU-VxV+ -^VyU-VyV^ dxdy. 

Let h be the restriction of the scalar product (•, to H^{Vt) x H^iQ). 

Since Vt has Lipschitz boundary, H^{Q) is dense in L^(0) and the inclusion 
operator H^{Q) ^ L'^{Q) is compact. Therefore the pair (ae, 6) defines a self- 
adjoint linear operator -D(^e) C L^(f2) — > L^(fi) with domain dense in L^(f2). 

Moreover, there are a nondecreasing sequence of eigenvalues and a 

corresponding L^-complete and L^-orthonormal system {w^^j)j^^ of eigenvectors of 
the pair (a^, h) (equivalently, of A^). 

On H^{Vt) define the norm 



m L := Ogftt, u) + \u 



X 1/2 
|2 ' ' 



This norm is equivalent to | • \m(Q.) for every fixed e > 0, but \u\e — > oo as e — > 0"'' 
whenever VyU 7^ in L^(f]). 
Define the space 

ifi(O) = {ueH\n) I WyU^O}. 

Note that Hl{n) is a closed linear subspace of 

Let L2(0) to be the closure of the set Hl{n) in L^{n). It follows that Ll{Q) is 
a Hilbert space under the scalar product of L^(f2). 

Note that l^le = \u\hi(^q-) for u G Hl{Q). 

Let ao: Hl{n) x Hl{n) ^ R be the "limit" bilinear form defined by 

ao{u,v) :— / Vu-Vvdxdy= / VxU-Vxvdxdy. 
Jn Jn 

Let bo be the restriction of the scalar product (•, ■)l'^(q,) to Hl{Q) x ifg(O). 

The pair (ao, 60) defines a self-adjoint linear operator Ao:D{Ao) C Ll{Q) — > 
Lg(ri) with domain dense in Ll{Q,). 
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Furthermore, there are a nondecreasing sequence of eigenvalues (Ao,j)jeN and a 
corresponding L^-complete and L^-orthonormal system (t(;o,j)jGN of eigenvectors of 
the pair {ao,b) (equivalently, of Aq). 

It was proved in [15, Th. 3.3] that X^j Xqj as e — for j G N. Moreover, if 
(en)neN is an arbitrary sequence of positive numbers converging to 0, then the or- 
thonormal system {woj)j^f^ can be chosen in such a way that, up to a subsequence, 
~ ^o,j|e„ ^ as n ^ oo for j e N. 

In the sequel we will work with a fixed domain and we will sometimes write 
for LP{n) and for H^{n). 

Now let /: M — > M be a given nonlinearity. We will discuss some conditions on / 
which guarantee that the Nemitski operator / defined, for it: — > M, by /(«) = fou 
restricts to a C^-operator between certain function spaces. 

Let us first recall the following regularity result for Nemitski operators, which is 
a slight modification of [1, Thms 3.4 and 3.7]. 

Theorem 2.1. Let O C be open and bounded. Given p, cr G ffi with 1 < p < a 
set P :— {a / p) — 1 (observe P > 0). Suppose / G C-*- (M — >• M) satisfies 

(2.1) |/'(s)| < C(l + \sf) for some C G ]0, oo[ and all s G M. 

Then the Nemitski operator 

f-.L^'iO.) ^ LP{n), u^fou 

is well-defined and of class ; the Frechet differential of f is given by Df{u)v = 
(/' ou) -v for all u and v G L^{Q) . Finally, there exists a constant C E [0,oo[ such 
that the following estimates hold: 

\f{u)U.<C{l + \uf+') 

IP/>)IU(L^L.)<C'(1 + H?.) 

for allue L'^(n). 

Theorem 2.1 implies the following 

Corollary 2.2. Let O be an open, bounded subset ofM?, with Lipschitz boundary. 
Let / G C''' (M — >• M) satisfy the growth estimate 

\f'{s)\<C{l + \sf) for s em. 

where C and (3 G [0, cxd[ are arbitrary real constants. Let F{y) :— f{s)ds for 
y G M. Then f ou & L^(f2) whenever u G H^{'D,). Moreover, the Nemitski operator 

f:H^{n) ^ L'^{n), u^fou, 

is well-defined and of class on H^{Q); the Frechet differential of f is given by 
Df{u)[v] = {f'ou)-v for all u and v G H^{Q). Let flni be the restriction of 
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/ to Hl{n). Then flm is a map from Hl{Q) to L^iQ), with D{f\Hi)iu) = 

{Df{u))\jji foru G Hl{Q). Furthermore, FouE L^{Q) whenever u e H^{Q) and 
the Nemitski operator 

F:H^{n) ^ L^{n), u^Fou, 

is well-defined and of class on H^{Q); the Frechet differential of F is given by 
DF{u)[v] — {f o u) ■ V for all u and v e H^{Q). Finally, there exists a constant C 
such that the following estimates hold: 

\f{u)\L-^<C{l + \uf+') 

P/>)ll/:(Hi,L^) <(?(! + Mil) 
\F{u)\L.<C{l + \uf+^) 
\\DF{u)\\cim,L^)<C{l + \uf+,') 

Proof. Without loss of generality we can assume that /? > 0. Set p = 2 and 
a = 2{P + 1) (resp. p = 1 and cr = /? + 2) in Theorem 2.1. By Sobolev's inequality, 

MIl<^ < C'ctMIj/i for w e H^{fl), 

where Ca is a real positive constant. Thus an application of Theorem 2.1 shows 
that the Nemitski operator / (resp. F) is is well-defined, of class and that the 
above estimates hold. We already know that f{u) e Ll{Q) whenever u e Hl{Q) 
(Theorem 5.3 in [15]). In order to complete the proof, we only need to show that, 
if u and v G Hl{n), then Df{u)[v] e L^(ri). This follows immediately from the 
formula 

and from the fact that L^{'^) is closed in L^(f2). □ 

For every e > the linear operator is sectorial on X = L^(n) and the 
fractional power space X^/^ is equal to H^{i),). Similarly, is sectorial on X = 
L2(n) and in this case X^/^ ^ Hl{n). 

Let g:H^{Q) — * L'^{Q) be Lipschitzian on the bounded subsets of H^{Q) and 
such that g{Hl{Q)) C Lg(ri). It follows from the results of [10] that for every e > 
there exists a well-defined local semiflow 7re,g on H^{fl) generated by the semilinear 
parabolic equation 

(2.2) u + A^u = g{u). 

Moreover, there exists a well-defined local semifiow no^g on Hl{Q) generated by the 
semilinear parabolic equation 

(2.3) u + Aou = g{u). 

In particular, if a function /: M — M satisfies the assumptions of Corollary 2.2 then, 
by this corollary, g := /: H^{fl) L^(n) is Lipschitzian on the bounded subsets of 
H^{Q) and g{Hl{fl)) C L'^i^), so the local semifiows tt^ j, e > 0, are well-defined. 
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3. Description of the limit problem 

In our previous paper [15] we introduced the class of the so-caUed nicely decom- 
posed domains. We showed that on nicely decomposed domains both the operator 
A = Aq and its domain of definition can be explicitly characterized. 

In this section we continue the study of nicely decomposed domains Q and show, 
in particular, how to characterize the spaces Hl{fl) and Lg{Q) (Proposition 3.6). 
We also obtain a compact imbedding result (Proposition 3.4) which is important 
in establishing the gap condition (4.1) in section 3. 

For the reader's convenience we will first recall the definition of a nicely decom- 
posed domains. 

We say that an open set O C has connected vertical sections if for every 
e M the x-section O^; is connected. Of course, this section is nonempty if and 
only if a; G -P(fi), where P: M x M — >■ M, {x,y) t-^ x is the projection onto the first 
component. Note that, given a nonempty bounded domain Q in M?, Jq := P{0,) is 
an open interval in R, that is Jq = ]an, where — oo < act < ba < oo. 

Given a e IR and 5 e ]0, oo[ we set 

/^(a) :—]a — 6,a + 6[, '■— ]ci — 5, a[ and I^{a) ■— ]a, a + 6[. 



Definition 3.1. Let ft, Qi, 0,2 be nonempty bounded domains in R^. Set := an^ 

and bi := 6n. , i = 1, 2. Given c e IR we say that Qi joins Q2 ate in Q. if the following 
properties hold: 

(1) Q.ir\Q.2 = {c} X 7] where /? = /?ni,n2 and 7 = 70^,02 are some real 
numbers with P < ^; 

(2) c = an^ = bn^; 

(3) {c}x]/3,7[cn; 

(4) whenever d G 7[, then there is a 5 = 5{d) > with the property that 
and 

Ig (c) X Is (d) C 1^1 , /+ (c) X Is (d) C ^2. 



We say that ili and ^2 join at c in ^ if ili joins ^2 at c in or ^2 joins ili at 
c in Q. 
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Figure 1 



Definition 3.2, cf Figure 1. Assume that C M x M is a nonempty bounded 
open domain with Lipschitz boundary. Let P: M x R — » M, {x,y) ^ x he the 
projection onto the first variable. A nice decomposition o/ is a collection Qi, 
. . . , of nonempty pairwise disjoint open connected subsets of Q with connected 
vertical sections such that, defining := Jm^., '■= '■= i>Q.ki A; = 1, . . . , r, 

the following properties are satisfied: 

(1) ^ \ (ULi ^k) C Z, where Z := ULi({a^ M x M); 

(2) whenever /c = 1, . . . , r then dVtk C. dQ U ({ajt, bk} x M) and for c G {ajt, bk} 
dilk n ({c} X M) = {c} X /, where / is a compact (possibly degenerate) 
interval in R; 

(3) whenever k, I = 1, . . . , r, k ^ I and (c, d) e ilfc H fi; is arbitrary then either 
Ofc and join at c in O or else there is an m G {1, . . . , r} such that Qk and 
Qrn join at c in n and and Qm join at c in O; 

(4) for every /c = 1, . . . , r the function p^: J/^ — > ]0, cx3[, x i— > C^{{Qk)x), is such 
that e L^{Jk)- 

Remarks. 

(1) Definition 3.2 says that, up to a set of measure zero, contained in a set Z 
of finitely many vertical lines, Q, can be decomposed into the finitely many 
domains fi/,. A; = 1, . . . , r in such a way that at Z the various sets fi^ and 
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Qi 'join' in a nice way. Points of Qr\ Z are, intuitively speaking, those at 
which connected components of the vertical sections Qx bifurcate. 

(2) Let . . . , i?s be closed bounded rectangles in with edges parallel to 
the coordinate axes, and flu be the interior of the union IJfe=i-Rfc- Then, 
clearly, every connected component of is a nicely decomposable domain 
with Lipschitz boundary. 

(3) Let 0:R^ ^ R be a function, such that (f){x,y) — > oo as — > oo. 
Assume that is a regular value of cj). Moreover, suppose that, whenever 
(pixo.yo) = and (j)y{xQ,yo) = then (pyyixo.yo) ^ 0. Let 0<^ := { | 
(f){x,y) < 0} and let Q be any connected component of Q^. It is a nice 
exercise to check that O, is nicely decomposable. 

(4) It can be shown that all real analytic domains are nicely decomposable. 

Finally, given a nice decomposition fii, . . . , ilj. of f2, we set 



Our goal is to give a detailed description of the spaces Hl{Q) and L'^{fi) when 
O is a nicely decomposed domain. We begin our description by first considering 
the simpler case of an open set O with connected vertical sections. Below, such a 
role will be played by the sets fl^ occurring in the nice decomposition of O. We do 
not assume that O has Lipschitz boundary, since the sets Qf~ occurring in the nice 
decomposition of O in general do not have this property. 

Let P: M X M — > M, {x,y) ^ x he the projection onto the first variable. Let 
J := -P(O) and assume for simplicity that J = ]0, 1[. 

The following proposition is proved in [15]: 

Proposition 3.3. Suppose O has connected vertical sections. Let J := P{0) 

and define the function p: J ^ ]0, cxo[ by x ^ C^{flx)- If u El L'^{0) satisfies 
Uy = in the distributional sense, then there is a set S of measure in and a 
function v e Ll^^{J) such that u{x,y) — v{x) for every {x,y) E 0\S. Moreover, 
p^l'^v e L'^{J). If u E H^{0) then v' e L\^^{J) and we can choose the set S 
so that u{x,y) = v{x) and Ux{x,y) = v'{x) for every {x,y) & Q\ S. Moreover, 
p^f^y' £ L'^{J) and we can choose the function v to be absolutely continuous on 
J. The function u:0 ^ M., u{x, y) = v{x) is then a continuous representative of 
u. □ 

Now, since O is open and bounded, it is easy to check that the function p satisfies 
the following property: 

(A) p e L°°(0, 1) and for every e, < e < 1 — e, there exists 5 > such that 
p{x) > d a.e. in ]e, 1 — e[. 

Now given an arbitrary function p satisfying property (^4) note that p{x) > 
a.e. in ]0, 1[. Therefore the linear spaces 



E:^ [j{{{ak,bk}xR)ndnk)- 



k=l 



H{p) := { 



u 



eLl^{0,l)\p'/\eL\0,l)} 
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and 

V{p) :=[ue LlM^) I e LlMi),p'/\ e L\o,i),p'/\' e L\o,i) } 

are well-defined. Define on H{p) and V{p) the scalar products 



and 



-1 

{u,v)h{p)'-— I p{x)u{x)v{x) dx 



{u,v)v{p) '■= / p{x)u' {x)v' (x) dx + / p(a;)tt(a;)v(a;) dx. 
Jo Jo 



It is easy to check that these products define Hilbert space structures on H{p) and 
V{p). 

Now, given O and p as in Proposition 3.3, define the mapping 

l:LI{0)^H{p), u^v, 

where v is the function given by Proposition 3.3. It turns out that t is an isometry 
of Ll{0) onto H{p). Moreover, l restricts to an isometry of Hl{0) onto V{p). 
We have the following result: 

Proposition 3.4. Assume that the function p satisfies (A) and (l/p) G L^{0, 1). 
Let u G V{p). Then there exists a function v G C°([0, 1]) such that u = v a.e. 
in ]0, 1[. Moreover, the imbedding V{p) > C°([0, 1]) (and hence the imbedding 
V{p) ^ H{p)) is compact. 

Proof. Let e, < e < 1 — e, be arbitrary. Then there exists 5 > such that p{x) > 5 
a.e. in ]e, 1 — e[. It follows that ■u|]e^i_£[ G H^{e, 1 — e). Since e is arbitrary, we 
obtain that there exists a function v G C°(]0, 1[) such that u = v a.e. in ]0, 1[. We 
show that V can be extended to a continuous function on [0, 1]. In fact, if x and 
x' G ]0, 1[, X < x', then, by Holder's inequality, 

\v{x') - v{x)\^ = I r p-i/y/vdsp < / {i/p)ds r pv'^ds. 

J X J X J X 

It follows that 

(3.1) \v{x') -v{x)\ < \v\v{p) I / (l/p)ds 

Since {l/p) G iv^(0, 1), then \v{x') — v{x)\ ^ as x.,x' — > (resp. x,x' — > 1), so 
there exist the limits v(0) := \\m.x^ov{x) and v{l) := lima;_>o ^(a;). By continuity, 
estimate (3.1) holds for x and x' G [0,1]. Now fix e, < e < 1 — e. Since 
G -H"-'^(e, 1 — e), it follows that there exists a constant Ki such that 

\'^\L'=°{e,l-e) < Ki\v\Hi{e,l-e)- 
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Then we can find another constant K2, such that 

(3.2) |^'|L°°(e,l-e) < -f^2|^'|v(p)• 
N0W (3.1) and (3.2) together, imply that there is a third constant K3 such that 

(3.3) |^^|l°°(o,i) ^ -^3|^^|v^(p), 

so V{p) C^([0, 1]) with continuous imbedding. Finally, (3.3) and (3.1), and a 
straightforward application of Ascoli-Arzela theorem, imply that the imbedding is 
compact. □ 

Now we consider the full nicely decomposed domain O. 

Lemma 3.5. Let Q be a nicely decomposed domain. Then, for k = 1. . . . , r, the 

following properties hold: 

(1) whenever u G L^(0), then u\q,^, G Lg(Ofc); 

(2) whenever u G Hl{Vt), then u\cif. G HliVtk)- 

Proof. Part (2) is obvious and part (1) follows directly from part (2) and from the 
definition of Ll{n) and ^^(0^). □ 

For /c = 1, . . . , r let us define the linear spaces 

i/fc I w e Aoc('^fc, bk) I p]J'^u G L^(afc, bk) } 

and 

14 := I tt G -fffc I e I'ioc(afe, bk), Pk'^u' G L^(afc, bk) } • 
We have seen that the spaces Hk and Vk endowed with with the scalar products 

{u,v)Hk-^ / Pk{x)u{x)v{x) dx 

Jak 



and 



{u,v)vk'-— / Pk{x)u' {x)v' {x) dx + I pk{x)u{x)v{x) dx 

J ah J ah 



' ak •'afc 

respectively, are Hilbert spaces and that the imbedding Vk ^ Hk is dense and 
compact. Moreover, consider the following bilinear forms on Vk'. 



Hk){u,v) := pk{x)u'{x)v'{x)dx, 

Jak 



rbk 

b(^k){u,v) := / pk{x)u{x)v{x)dx. 

Jak 
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Define the product spaces 

:= Hi ® ■ ■ ■ ® Hr := { [u] = {ui, . . . ,Ur) \ Uk e H^, k=l,...,r} 

and 

^® := Vi©---©K ■={[u\ = iui,...,Ur) \ukeVk,k^l,...,r}, 
with the scalar products 

r 
k=l 

and 

r 

respectively. It is easy to check that and are Hilbert spaces and that the 
imbedding V® ^ i?® is dense and compact. 

Furthermore, consider the following bilinear forms on V®: 

r 
k=l 

and 

r 

Note that 6® is just the restriction to x of the scalar product (•, 
For A; = 1, . . . , r, let us define the mapping 

ik-. Ll{9.k) ^ Hk, u^v, 

where v is the function given by Proposition 3.3. It turns out that Lk is an isometry 
of L^{fi,k) onto Hk and that tk restricts to an isometry of Hl{Q,k) onto 14- Moreover, 
let us define 

''®:^s(^) H(Q, L(^u := (z,i(w|oi),...,/.r(w|nJ)- 

It follows that t0 is an isometry of L^{^) into and that restricts to an 
isometry of Hl{Q) into V®. 
Define 

Ve := 

I [w] e V® I Uk{bk) = ui{ai) whenever hk = ai = c and and VLi join at c. j- 
Now we are able to characterize the spaces Hl{Vl) and Ll{Vl): 
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Proposition 3.6. The following properties hold: 

(1) 6e(L2(0)) = Jfe; 

(2) t^{Hl{Q)) = V^. 

Proof. This result is more or less implicitly contained in the proofs of Theorems 
6.5 and 6.6 in [15]. For the reader's convenience, we summarize the main steps of 
the proof. 

First we prove (2). Let u G Hl{Q). We shall prove that l^u G V^. Assume that 
for some /c, Z G {1, . . . , r}, bk = ai = c and fife and Qi join at c. We have to prove 
that 

ik{u\uj{c) = Li{u\i^^){c). 

Set 

Vk := tk{u\nj , VI := ii{u\fij) . 

Then, by Lemma 6.5 in [15], we immediately obtain that ffc(c) = vi{c), and we are 
done. 

Now assume, conversely, that [u] G F®. We shall prove that there exists v G 
Hi (il) such that t^v = [u] . We define a function v on f2 in the following way: 



v{x,y) := 



Uk{x) for aU {x,y) e Qk, k = 1, . . . , r 
foraU(a;,y)Gn\(ULi^fc)- 



As in the proof of Theorem 6.6 in [15], one can show that v G HK^I) and that 

Vx{x, y) = u'j^{x) a.e. in fife. A; = 1, . . . , r, 
Vy{x,y) = a.e. in Q. 

Finally observe that, by construction, l^v = [u] and the proof of (2) is complete. 

Now we prove (1). Let [u] G -ff®. We shall prove that there exists v G L^^Q) 
such that [u] — l^v. We define a function f on Q in the following way: 



v{x,y) :-- 



Uk{x) for all (a;, y) G rifc, = 1, • • • , r- 
for aU (a;, y) G \ ((JLi ^k) 



Then v G L^(0). We claim that v G L1{VL). This means that v can be approximated 
in the L^(f2) norm by functions of Hl{Q). Let e > be arbitrary. For A; = 1, . . . , 
r, take (j)k G C'o°(]afc, fcfcf) such that 

Pk\uk - 0/cl^da; < 



cite 



A; 

Define a function on in the following way: 



:= 



(j)k{x) for aU (x, y) G fife, = 1, . . . , r 
foraU(x,2/)Gn\(ULi^fc) 
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By the proof of (2), •0 e Hl{Q). Moreover, 

^ f ^ /"bk 

v-i;fdxdy = ^ \v - dx dy = ^ Pk\uk - (pkf dx < e, 

and our claim is proved. Finally observe that, by definition, l^v — [u] and the 
proof is complete. □ 

We end this section with some remarks concerning the self-adjoint operator A 
generated by a in Ll{Q). Let a® be the restriction of a® to x Vq and let 
be the self-adjoint operator generated by a® in H^. If m e D{A), then, for all 



On the other hand. 
It follows that 



for all V e Hl{Q), so i^u G D[A^) and Aq,lq)U = iQ,Au. Similarly, one can prove 
that, whenever [u] G D{Aq)), then ^^"'"[tt] G D{A), and At^"'"['u] = ^^"'"^^['u]. This 
means that restricts to an isometry of D[A) onto D[A^) and that A = t'^^A^t^. 
For A; = 1, . . . , r, let us define the spaces 

Zfc := I M G Vfe I {pku'Y G I'ioc(«fe, bk), Pk^^^iPku'Y G L^(afe, bk) } , 

and let 

:= Zi © ■ ■ ■ © Zr. 

It is not difficult to show that, whenever u E Zk, then pku' can be extended to 
a continuous function on [ak,bk] (cf. the proof of Proposition 3.4). Now we can 
restate Theorem 6.6 in [15] in the following way: 

Theorem 3.7. Let A^ be the self-adjoint operator generated by the bilinear form 
a®. Then D{Aqi) = Z^, where Z^ is the subspace of Z^ consisting of all [u] = 
(til, . . . , Uk) satisfying the following properties: 

(1) Ukibk) = ui{ai) whenever bk ~ ai = c and Qk and Qi join at c; 

(2) whenever T is a connected component of E (necessarily of the form T = 
{c} X I, where c G Ufc=i{'^A;, bk} and I is an interval) then 

{pkUk'){c) = {pkUk'){c). 

Here, a"_|_ = c+(r) is the set of all k such that Vtk H {{bk} x M) C F and so 
bk = c, while a- = c"_(F) is the set of all k such that Qk n {{^k} x M) C F 
and so ak = c. 
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Moreover, for [u] E Z^, A^[u] = (Pi^ipiu'^Y: ■ ■ ..p'^iPrK)'). □ 

Let /: M — > M be a C^-function, satisfying the assumptions of Corollary 2.2. As 
in Section 2 consider the abstract semilinear parabolic equation 

(3.4) u = Au + f{u) 

on Hl{Q). Assume that O is nicely decomposable. Then, due to the isometry 
6® and in view of Theorem 3.7, the abstract equation (3.4) is equivalent to the 
following system of 'concrete' one-dimensional reaction-diffusion equations: 

dtUk = {l/pk){pkUk'y + f{uk) on ]afc, hk[, for A; = 1, . . . , r, 

with compatibility conditions 

■Ufc(c) = ui{c) 

whenever hk = ai = c and Vtk and Vti join at c, and Kirchhoff type balance conditions 

{pkUk'){c) = {PkUk){c) 
ke<j+(r) kea-{T) 

whenever F = {c} x / is a connected component of E. 




Figure 2 

As it was explained in [15], such a system can be interpreted as a reaction- 
diffusion equation on an appropriate finite graph Q. Figure 1 suggests that the 
edges of this graph are the intervals [ofc, 6^], for /c = 1, . . . , r and their endpoints 
are its vertices. Moreover, each interval should be repeated the number of times 
it occurs in the sequence ([ofe, 6fe])fc=i- On the other hand each endpoint c should 
be repeated the number of times it occurs as the x-component of a connected 
component of E (see Figure 2). 

4. Spectral Gap Condition 

In this section let O C be a nonempty bounded open set with Lipschitz 
boundary. We denote by {Xv)^^^ the repeated sequence of the eigenvalues of the 
pair (a, b) where 

a{u^v) I Vu-Vvdxdy= I UxV^dzdy u,v E Hl{il,) 
Jo, Jq, 
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and 



Jq 



We will prove in this section that, under some additional assumptions on Q (cf. 
condition (C) below), the following so-called gap condition holds: 

(4.1.) limsup ^-+\7/- >Q, 

This gap condition will enable us, in the next section, to establish the existence of 
inertial manifolds for the semiflows TTg, for e > small enough. 
We first prove a simple general estimate on the sequence 

Proposition 4.1. There is a 13 & ]0, oo[ such that 

K < P^i^^ for all ueN. 

Proof. There are nonempty and bounded open intervals /, J and J' C IR such 
that 

IxJcQcI'xJ'. 

Let 7, 7' and 5 be the lengths of J, J' and /, respectively. For 1/ e N let Vv (resp. 

V^) be the set of all z^-dimensional subspaces of HKQ) (rcsp. Hq{I)). For every 
function v G Hq{I) consider its trivial extension v: I' M, v{x) := v{x) for x E I 
and v{x) :— for x E I' \ I. It follows that v G Hq{I'). Therefore the function 
u: /' X J' — > M defined by u{x, y) — v{x) for (x, y) e I' x J' lies in H^{I' x J'), so 
u\q e H^{Q). By Theorem 2.5 in [15] we have u G Hl{Q). The operator 

is linear and injective. In particular, $(Vi/) C V^/, G N. Thus, for every u eN, 

. r a{u,u) . a{u,u) 
Ay — mt sup — r- < mt sup — r- 

. . a($?;,$t') ^ . , YJv'-v'dx , . 
= mf sup < mf sup f — = (7 /7)/i^, 

where jiy are the eigenvalues of the Dirichlet problem 

v"{x) — — //f (x), X E I 
v{x) = 0, X E dl. 

It follows that fiy = (7r/5)^^'^, zv G N. The proposition is proved. □ 
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For the rest of this section assume that Q admits a nice decomposition Qi, ... , 
fir- Using the notation of the last section we obtain from Proposition 2.2 in [15] 
an eigenvalue-eigenvector sequence (A^, of the pair {ak, bk) of bilinear forms 

such that 

= < < < . . . 

and is a complete orthonormal system in if^, /c = 1, . . . , r. We also obtain 

an eigenvalue-eigenvector sequence (A®, of the pair (oq, 6®) such that 

< A® < A® < A® < . . . 

and ([ii]®),^£H is a complete orthonormal system in H^. 
The following result holds: 

Proposition 4.2. 

(4.2) A^ > A® for all ueN. 



Proof. The proof is very similar to that of Proposition 4.1. For e N let Vi, 
(resp. Vi/) be the set of all //-dimensional subspaces of (resp. Hl{fl)). Since the 
map $ := t^lj^i^n): if^ (O) is an isometry (hence injective) it follows that 

$(Vi.) CV„, v e N. Moreover, a©($u, $f) = a{u,v) and 6®($w, $f) = b{u,v) for 
u, V e Hl{Q). Thus, for every u eN, 

A® - inf mm ^®iMlM < irnf mm ^®^[^]- ^^^^ 
— mi sup - — -|. 1 r i\ — T — /r 1 r i\ 

sev. [„]e£;\{o} o©(pJ, m) se*(v.) [u]€E\{o} b^im, [u\) 

. „ o® ($«,$«) . „ a{u,u) ^ 

= mt sup - — — — — ^ = mt sup —. r- = 

Ee% ueE\{o} (*«, ^ev. „e£\{o} u) 

This completes the proof. □ 

Now let p be a function satisfying the assumptions of Proposition 3.4. Consider 
the following bilinear form on V{p): 



a^{u,v) := / p{x)u'{x)v'{x) dx. 
Jo 



Furthermore, define 6^(m, v) := {u, v) H{p) for u,v & H{p). Then Proposition 3.4 and 
Proposition 2.2 in [15] implies that there exists a sequence (A^, u^)y^^ of eigenvalue- 
eigenvector pairs of {oF, IP) such that 

= A? < A^ < Af < . . . 

and (•u^)j,£N is a complete orthonormal system in H(p). 

The next proposition describes the asymptotic behavior of the sequence (A^)i^eN. 
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Proposition 4.3. Let p e L°°(0, 1) satisfy one of the following conditions: 

(1) there exist two constants a and (3, < a < P, such that a < p{x) < (5 
almost everywhere m ]0, 1[; 

(2) there exists a function q G C°([0, 1]) n C2(]0, 1]), with q{x) > 0, q'{x) > 
and q"{x) < on ]0, 1], ^(0) = and (1/g) G L^{0, 1), and there exist two 
constants a and (3, < a < (3, such that aq{x) < p{x) < (3q{x) almost 
everywhere in ]0, 1[. 

Let (A^)jy£N be the repeated sequence of the eigenvalues of {a^, above. Then there 
exists a constant 7 > 0, which depends only on a and (3, such that 

X^,>^{u-l)\ i/ = l,2,... 

The proof of Theorem 4.3 is based on the foUowing 

Lemma 4.4. LeA, q e C°([0, 1]) H C^QO, 1]), with q{x) > 0, q'{x) > andq"{x) < 
on ]0, 1], ^(0) = and (l/q) G L^{0, 1). Let (A^)i^£n be the repeated sequence of the 
eigenvalues of {aq, hq) above. Then 



Proof. See the Appendix. □ 

Proof of Proposition 4-3. For every v 

K = mf sup ^, 

where V^{p) is the set of all //-dimensional subspaces of V{p). If condition (1) holds, 
then H{p) = L'^{0, 1) = H{1) and V{p) = H^{0, 1) = V{1) with equivalent norms. 
Then 

= mr sup 

EeVuiv) ueE\{Q} j^pu'^dx 

a u'"^ dx 

> inf sup 

sev.(i)„eE\{o} p J^u'^dx 

= {a/P)Xl ueN 



Now we observe that 



1 f} u''^ dx 
\l= inf sup , zv=l,2,... 

Eev.{i) ueE\{o} j^u^dx 



are the eigenvalues of the Neumann problem 

u"{x) = Xu{x), X e ]0, 1[ 

u'{x) = o, xe{o,i} 
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This implies that = 7r^(z^ — 1)^, v = 1,2,..., and the conclusion follows. Assume 
now that condition (2) holds. Then H{p) = H{q) and V{p) = V{q) with equivalent 
norms. Then 

xyu!^ die 

XI = inf sup 

aj}. qu'"^ dx 
> mi sup ^ 

Eev^iq) ueE\{o} j3 qu'^ dx 

By Lemma 4.4, Xf, > 7r^(^' — 1)^, u = 1,2,..., and the theorem is proved. □ 
For k = 1, . . . , r and r e R, r > 0, let us define 



and let 



m{k, t) := max {zyeN|A^<T}, 
m(©, r) := max {z^eN|A®<T} 



We have the following 

Proposition 4.5. Lei r e R, r > 0. Then m{®^T) = Y^\^-^m{k,T). 
Proof. For A; = 1, . . . , r and e N, define 

[ut:= (0^_^,w^,0,...,0). 

It is easy to check that (A^, [tt]^) is an eigenvalue-eigenvector pair of (a®, 6®) and 
that "''^ is a complete orthonormal system in H^. The conclusion fol- 

lows. □ 

Assume now that Q, satisfies the following additional hypothesis: 

(C) For every A; = 1, . . . , r one of the following conditions is satisfied: 

(1) there exist two constants ctfe and /J/s, < < such that < Pk{x) < 

(3k in jafc, 

(2) there exists a function qk G C^([aA:,6fc]) H C^(]afc, 6a:]), with (Ja;(3:) > 0, 
q'ki^) > and q',^{x) < on ]ak,bk], qk{ak) = and (l/qk) e L^{akM), 
and there exist two constants ak and Pk, ^ < Oik < Pk, such that Q!feq'fe(a;) < 
PA:(a:) < PkQkix) in ]afc,6fc[; 

(3) there exists a function G C°([afc,6fc]) fl C^{[ak,bk[), with ^^(a^) > 0, 
q'kix) < and q'^{x) < on [ak,bk[, qk{hk) = and {l/qk) e L^{ak,hk), 
and there exist two constants ak and Pk, ^ < Oik < Pk, such that akqk{x) < 
Pk{x) < PkQkix) in ]afc,6fc[. 

Remark. The technical condition (C) is general enough to cover all the classes of 
nicely decomposable domains discussed in the remarks following Definition 3.2. 
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Proposition 4.6. Assume 0, satisfies condition (C) above. Then 

A® 

limsup — |- > 0. 

Proof. Condition (C), together with a simple renormahzation of the interval ]afc, hk[ 
and a straightforward application of Proposition 4.3, imply that for every /c = 1, 
. . . , r we can find a constant 7fe > such that A|5 > 7^(2^ — 1)^ for = 1, 2, . . . Let 
7 := min{7i, . . . , 7/-}. Then, for A; = 1, . . . , r and i/ e N, we have m(A;, 7(1' — 1)^) < 
V -I. It follows that m(©,7(zy - l)^) = ELi"^(^'7('^ - 1)^) ^ ^('^ ^ 1) 

G N. But this means that A® > ^{v — 1)^ for all e N. Accordingly, we 
have: 

r ^r{u-i)+i 7(z/-l)2 7^n 

lim sup — - — ^ — > lim sup — r -rr = > U 

,^00^ (r(z/ - 1) + 1)2 - (r(j. - 1) + 1)2 r2 

and the conclusion follows. □ 

Proposition 4.7. Let {iJiv)v& be a nondecreasing sequence of nonnegative real 
numbers such that 

lim sup ^ > 

and 

fii, < 0^v^ for some (3 e ]0, oo[ and all e N. 



Then 



limsup — > 0. 



Proof. Our hypotheses imply in particular, that //i^ > for all v large enough. 
Thus, if the proposition is not true, then 

lim T-p: — = 0. 

Let e > be arbitrary. Then there is a z^o ^ N such that 

< — < wP> > i^o- 

Therefore 
Hence, 

V 

(4.3) yu^+i < yu^o + < i) = A^^o + (e/2) + 1) - ^i^o + 1)) , > z^o- 
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Letting ^ oo in (4.3) implies that 

lim sup — < - . 

u — >oo ^ 

Since e > is arbitrary, it follows that 

limsup — 2 = ^) 

a contradiction, which proves the proposition. □ 

We can now state the main result of this section: 

Theorem 4.8. Let C he a nicely decomposed domain and assume condition 
(C) is satisfied. Let {Xu)i>eN be the repeated sequence of eigenvalues of the pair (a, b) 
in Hl{Q). Then the gap condition (4--1) is satisfied. 

Proof. Using Propositions 4.1 and 4.2 together with Proposition 4.6 we see that 

lim sup ^ > 

and 

Aj. < P'^v'^ for some /3 e ]0, oo[ and all u eN. 
Therefore Proposition 4.7 completes the proof. □ 

5. Inertial manifolds 

Let /: M — » M be a function satisfying the hypotheses of Corollary 2.2 together 
with the following dissipativeness condition: 

lim sup /(s)/s < —5o for some 5o > 0. 

|s|— >oo 

Then, by results of [15], for every e > the semiflow tt^ := tt^ j possesses a global 
attractor Ae- Moreover, the family (.4e)e>o of attractors is upper semicontinuous 
at e = 0. 

If the eigenvalues of the limit operator Aq satisfy the gap condition (5.5) below, 
then, as we shall prove in Theorem 5.2 below, there exists an eo > and a family 
■Me: < e < eo of C^-manifolds of some finite dimension ly such that, whenever 
< e < eo, then Ae C Me and the manifold Ale is locally invariant relative to the 
semiflow on a iJ^-neighborhood of the attractor Ae- Moreover, the flows on the 
center manifolds Ai^ converge in the (regular) C^-sense to the flow on Aio- 

In particular, this result is valid on nicely decomposable domains satisfying con- 
dition (C) and so this extends and improves the corresponding results of Hale and 
Raugel [7] obtained for domains representable as ordinate sets with respect to some 
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positive function. In fact, as it was explained in the Introduction, the inertial man- 
ifolds constructed in [7] are relative to some modified semiflows, which are equal 
to the original semiflows tTe on the attractor Ae but are different from Tr^ on every 
neighborhood of it. 

The proof of Theorem 5.2 is based on the method of functions of exponential 
growth, used before by many researchers (of. [4], [18] and the references contained 
in these papers). First we choose an open set U in H^{Q) which includes all the 
attractors Ae, e G [0, eo], eo > small. Then we modify the Nemitski operator / by 
finding a globally Lipschitzian map g: H^{Q) L^(0) with f{u) = g{u) for u E U. 
For fixed e G [0,eo], we seek an invariant manifold Ai^ for the modified semifiow 
7Te,g in the form Ai^ — ^e{^'^), where A^: M.'^ — H^{Q) is a map obtained from the 
contraction mapping principle applied to a properly defined nonlinear operator F^ 
defined on a certain space of maps y:]—oo,0] — > H^{Q) of exponential growth. If 
the operator F^ is a contraction then the map is well-defined and A^ C Ai^- It 
follows that is invariant with respect to solutions of the original semifiow n t 
as long as these solutions stay in the open set U . One can even find an open set 
V <zW such that for e G [0, eo] the set ^.^{V) is positively invariant with respect 
to TT^ ^ and Ae C K{y) C U. 

The only problem is that, under the usual norm | ■ |e on i7^(0), the operator F,. 
is not a contraction. At this point we use an ingenious idea due to Brunovsky and 
Terescak (see Theorem 4.1 in [3] and its proof) and, given positive numbers I and 
L introduce an equivalent norm 

llwlle = L\u\l2 + Z|tt|g 

on H^{Q). Similarly as in [3] we seek to choose the constants I and L in such a 
way that the operator F^ is a uniform contraction with respect to the norm || • H^. 
That this is possible follows, on the one hand, from the linear estimates contained 
in Lemma 5.3 below and, on the other hand, from the following C-'^-cut-off-result 
for Nemitski operators: 

Theorem 5.1. Let Q. he an open, hounded suhset ofM?, with Lipschitz houndary. 
Let / G C*-*^ (M ^ M) satisfy the growth estimate 

|/'(s)| <C(l + |s|'^) forse^ 

where C and /3 G [0, oo[ are arhitrary real constants. 

Let I he an arhitrary positive real numher and B he an arhitrary hounded suhset 
of H^{fl). Then there exists an open set U — U{l,B) C H^{Q) including B, a 
positive real numher L = L{l,B) and a map g — g{l,B) G C^{H^{Q) L'^(H)) 
with f{u) — g{u) for u & U and such that g maps Hl{Q) into L^Q) and satisfies 
the estimates 



(5.1) 



sup \g{u)\L2 < oo 
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(5.2) \g{u) — g{v)\L2 < L\u — v\l2 + l\u — v\hi for u, v E H^{Q,) 
and 

(5.3) \Dg{u)v\L2 < L\v\l2 + 1\v\h^ for u, v E H^{Q). 

Proof. We can assume, without loss of generality, that f3 > 0. Take a real number 
> 2 (so in particular < 1 - 2/g < 1 and q > 2{f3 + 1)). Choose 6 with 
1 — 2/g<^<l. By the Gagliardo-Nirenberg inequality there is a constant Ci such 
that 

\u\li < Ci\u\hi^\u\l2^~^ for u G H\n). 
Hence, for every p > 

(5.4) \u\l, <Ciep^-^\u\Hi +Ci{l-9)p-^\u\L^ foTueH^(ft). 
In particular, this implies that there is a real positive constant M with 

\u\li < M ioT u e B. 

Define U to be the set of all u G H^{Q) with \u\Lq < M. It follows that U is 
open in H^{Q) and B G U. We now apply Theorem 2.1 and obtain that / is a 
C-'^-map from L'^{0.) to L^(ri) such that both |/(w)|l2 and |-D/('u)|l(L9(q)^i,2(q)) 
are bounded on bounded subsets of L^(f2). It is well-known that there is a bounded 
function h G C^{L'i{Q) — > R) having globally bounded Prechet derivative and such 
that h{u) = 1 if IuIlq < M and h{u) = if \u\Lg > 2M. This can also easily be 
proved using Theorem 2.1. In fact, since the function s h- > \s\'^ is in C^(]R M) 
with derivative s ^ Theorem 2.1 implies that the map i— > \u\'^ is in 

C^(L9(fi) L^{n)). Furthermore, on bounded sets in L'?(fi) the map ^ is bounded 
and has bounded Frechet derivative. Let G C"*^ (R — > IR) be such that (f){x) = 1 if 
|a;| < Ml and (j){x) = if \x\ > (2M)«. It follows that the function h{u) := (/)(|m|l<j'') 
for u G L'^(O) has the desired properties. Define g{u) = h{u)f{u) for u G L'^(O). 
It follows using Leibniz rule that (/ is a C^-map from L'^{Q) to L'^{fl) such that 
both \g{u)\L2 and |-Dfi'(w)|L(L9(n)^L2(f2)) are globally bounded. It follows that g 
is globally Lipschitzian from L^(f2) to L^(f2) with a Lipschitz constant K. Using 
(5.4) it follows that for every p > and all u, v e H^{fl) 

\g{u) - g{v)\L2 < CiKil - e)p-^\u - v\l2 + CiKep^-^\u - v\hi. 

Choose p > so small that CiKOp^-^ < I and set L = CiK{l - 9)p~^ . Since 
H^{Vt) is continuously contained in L^(0) it follows that g is of class as a map 
from H^iyt) to L^(0) and that (5.1) and (5.2) are satisfied. Moreover, g maps 
Hlip) into Llip) since / does so. The estimate (5.2) easily implies (5.3). Finally, 
the definition of U immediately implies that f{u) = g{u) for u ^ U. The theorem 
is proved. □ 
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In order to state our main result, we need some notation: 

For every e e [0, 1] and every e N let Xe,i^,i be the span of the first v eigenvec- 
tors «^e,j, J = 1, . . . , z/, of Ag. Let ^e,;y,2 be the orthogonal complement of X^,^,i in 
L^(n) if e > and in Ll{Q) if e = 0. Let A^^^^i be the restriction of to X^^^^i for 
z = 1, 2. Let -Ee^jy^ := Yl^j=i ^j''^<^,j^ eM.^ and Pe,iy,i be the orthogonal projection 
of L^(0) onto X^^iy^i, i = l,2ife>0 and Po,u,i be the orthogonal projection of 
L^(f]) onto Xo,i.,i, i = 1, 2. 

Theorem 5.2. Suppose that / e C^(M — >• M) is dissipative in the sense that 

lim sup /(s)/s < —So for some Sq > 0. 

|s|— i-CX) 

Furthermore, let f satisfy the growth estimate 

\f'{s)\<C{l + \sf) forseR, 

where C and /3 e [0, cxo[ are arbitrary real constants. Suppose the eigenvalues of Aq 
satisfy the following gap condition: 

(5.5) limsup — — — ^ ,^ > 0. 

r/ien t/iere are an eg > and an open bounded set U C s«c/i that for every 

e e [0, eo[ the attractor Ae of the semiflow tt^ j lies in U. 

Furthermore, there exists a globally Lipschitzian map g e C^{H^{VL) L^(il)) 
with g{u) = f{u) for u & U. 

Besides, there is a positive integer v and for every e G [0,eo[ there is a map 
Ae e C^{W -^H^{n))ife>0 and Aq e C^{W Hl{n)) such that 

(5.6) P,,,,io A, = 

and Ae(]R^) is an invariant manifold with respect to the semiflow 7Te,g- 
Finally, there is an open set V such that for every e e [0, eo[ 

Ae C Ae{V) C U 

and the set ^^{V) is positively invariant with respect to the semiflow tt^ 
The reduced equation on A^iW^) takes the form 

(5.7) i = ve{o, 



where 
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Moreover, whenever e„ — > 0+ and ^„ — > in , then 

V 

(5.8) - Ao(eo)|e„ + \^^^^Sin) " d,k^{i^%^ ^ 

and 

V 

(5-9) l^^e„(Cn) - 'yo(Co)k'' + XI I^J^er.(Cn) - ^j^^O (Co) ^ 0. 

Given e M, a Banach space (y, \-\y) and a function y: ]— oo, 0] — > y we write 

sup e''%{t)\Y 
te]-oo,o] 

and we denote by BC^{Y, \ ■ \ y) the set of all continuous functions y: ]—oo, 0] Y 
such that < oo. The space BC^{Y, | • |y) is a Banach space with respect to 

the norm y \y\^,\.\Y- In particular, we write 

(1) BC^{L^{n)) := SC^(L2(0), I . 1^.), with the norm \y\^^L- := bU,,.,^,, 

(2) BC^(L2(f2)) := 5C^(L2(r2), | • 1^.), with the norm \y\^,L. := 

(3) BCf'(H\n),e) := 5C'^(iyi(f]), | • |,) with the norm := for 
e > 0, 

(4) BC^^{H\n),0) SCni^K^^), \ ■ \m) with the norm |yU,o := |yU,M«i- 
We need the following Lemma: 

Lemma 5.3. 

(1) For every e e [0, 1] and every e N 

\e-^e,.,itu\^, < e-^^''''\u\L2 u e t < 0, 

\e-^e...itu\, < (Ae,^ + l)l/2g-A.,.t|^|^^ ^ g ^^^^^^^ ^ < 
|e-^--^*«|e < ((Ae,.+1 + 1)^/' + Ci/2t-^/') e-^^"^+''\u\L2 U e Xe,,,2, t > 0. 

(2) Define the operator 

where ^ e W, and for y:]-oo, 0] L'^{Q) and t <0 
(5.10) K,,Mt)= re-^--^('-^)Pe,.,iy(s)ds+ r e-^-^(*-^)Pe,.,2y(s)ds, 

Jo J-oo 
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whenever the right hand side of (5.10) makes sense. Let C, with A^^^ < C < 
Ae,,.+i he arbitrary. Then S,,^, maps W x BC^{L'^{VL)) into BC^{H^{VL),e) 
fo're>0 and Sq,^ maps W x SC^(L2(0)) into SC^(ifi(0), 0). Moreover, 
/or e > and y e BC^{L'^{n)) (resp. /or e = and y e BC^{Ll{n))) 



(5.11) |,,.,„,|,,.<^_ + __^|,|,,,, 

and 

(5.12) 

V C - Ae,i. Ae,i.+l - C / 

(3) // Ao,^ < C < Ao,^+i, en^O+,^n^ Co in M'^ and y„ ^ yo %n BC^{I?{St)), 
where yo e BC^ {L'^{0,)) , then, for all n large enough, \en,v < C < ^en,v+i 
and 

l=e„,i.(Cn,yn) - =o,i.(Co, ^o) lc,6„ ^0 as n ^ oo. 

Proof of the lemma. The proof of part (1) is obvious and well-known. Part (2) fol- 
lows from part (1) and well-known results about semigroups generated by sectorial 
operators. We prove (5.12) for e > 0, the other cases being completely analogous. 
Let y e SC"'(L^(f2)) and t < 0. By the definition of K^^i, and by the estimates of 
part (1), we have 

\K,,.y{t)\e < (Ae,. + l)^/2e-^-''*|y|c,L^ [\(^-^-0^ds 

Jo 

+ (A,,,+i + l)i/2e-^--+i%|^,i2 [ e(^--+i-^)Ms 

J — oo 

+ Cy,e-'^'\y\c,L^ f (t-.)-VV(^-+-0(t-s)d,. 

Then (5.12) follows from simple integration. 

Let us prove part (3). Suppose that Ao,i. < C < Ao,i/+i, €-n ^ ■, in ^ Co in I^'^ 
and yn yo in BC^L^iQ)). Since Ag,^ Xq^^ and Xe,u+i Ao,i.+i as e ^ 0+ 
(see [15, Th. 3.3]), it follows that there is an no G N such that Ag^^i, < C < Kr,,u+i 
for all n > no- In the rest of this proof let n > uq. Set Zn{t) := e^*yn{t) and 
ZQ{t) := e''^yo{t) for t <0. It easily follows that 

sup \znir) - zo{r)\L2 ^ 0. 

rG]-oo,0] 

Thus, by Theorem 3.3 in [15], for every j G N 

sup \{Zn{r),We^j)We^j - {zo{r),Woj)woj\L2 
re]-oo,0] 
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Therefore 
(5.13) 

and so 
(5.14) 



< sup \zn{r) - zo{r)\L2 

re]-oo,0] 

+2 sup \zo{r)\L2\We^j - Woj\l2 0. 
re]-oo,0] 



sup \Pe^,u,lZn{r) - ^0,1^,1^0(^)^2 ^ 
re]-oo,0] 



sup \Per„u,2Zn{r) - Po,,,,2Zo{r)\ l2 0. 

rG]-oc,0] 



Note that whenever (a„) is a sequence of positive numbers converging to some 
positive number a, then 



(5.15) 



sup le'*"* - 6^**1 ^ 0. 



r6]-oo,0] 

Consequently, again by Theorem 3.3 in [15], 



sup e^* |e-^— 'i*£;,„,,en - e-^°'-i*£;o,.eo| 
te]-oo,o] 



< 2_. sup 
^•^ite]-oo,o] 



< sup 

te]-oo,o] 



e(C-Ae„j)t _ g(C-Ao,i)t 



ICo,jW^o 



+ sup e^-^ ^°'^^*|en,,«'e„,, -eO,j«'0„ 

te]-oo,o] 



J I En 



0. 



Furthermore, 



sup e 
t<o 



/ e-^--i(*-*)Pe„,.,iyn(s)ds- r-e-^°-i(*-^)Po,.,iyo(s)ds 
Jo -/o 



< 



^sup 
~t t<0 



,(C-Ae„,,)(t-S), 



\{Zn{s),We^j)We„j\e^ ds 



ds 



,(C-Ae„,,)(*-S) _ JC-XojKt-s) 



< sup 

+ ^sup / e(^-^°-^)(*-^^|(2n(s),«;e„,j>e„,j - {zo{s),wo,j)wo,j\e^ds 

~l t<0 Jt 
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i=i 



sup 

t<0 Jt 



e(C-Ae„j)(t-s) _ g(C-Ao,,)(t-s) 



+ 



Since 



Vsup / e(^-^°-^)(*-"Ms-sup|(2„(r),M;e„,,) 

~^ t<0 Jt r<0 



ds-sup|(^n(r),'u;e„,j)we„,j| 

r<0 



=(C-Ae„,,)(t-s) _ p(C-Ao.,)(t-s) 



ds 



■(1-e 



(C-A,„,,)(t-s 



we obtain from (5.15) and Theorem 3.3 in [15] that 



(1-e 



(C-Ao.,)(t-s 



T„, ^ 0. 



We also have 



sup e 



< 



/ e-^-.-^(*-^)Pe„,.,2yn(s) ds - /" -e-^°-^(*-^)Po,.,2yo(s) ds 

J —oo J —oo 

sup e-^--^(*-^)e'^(*-^)p,„,,,2-Sn(s) - e-^°-'^(*-^)e^(*-^)Po,.,2-So(s) 

f<0 J-oo 

/"CXD 

/ |e-"'--^^e^^Pe„,.,2-Sn(t - s) - e-^°-^^e'^*Po,.,2-2o(t - s)L ds. 



ds 



= sup 

Part (1) of this lemma implies that there is an integrable function h: [0, oo[ — > [0, oo[ 
such that 

|e-"'--^^e^^Pe„,.,2-2n(t - s) - e'^'^'^^^' Po,.,2Zo{t -s)l < h{s) 

for aU n e N, and t, s <0. 

Therefore the dominated convergence theorem, together with (5.14) and Theo- 
rem 4.1 in [15] imply that 



sup 



nOO 

/ |e-^-'-^^e^*Pe„,.,2-2n(t - s) - e'^'"'''' c'^' Po,,,2Zo{t - s)L ds ^ 0. 
Jo " 



Putting everything together we obtain 

|Se„,i.(Cn, Vn) - ^oA^O, yo)|c,e„ ^0 aS n ^ OO. 

The lemma is proved. □ 
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Proof of Theorem 5.2. We divide the proof into several steps: 

Step 1: choice of I and U . 

For 1/ e N with Ao,iy+i — Ao,i/ > define 

r]u = (Ao,i.+i - Ao,i/)/5 

and 

If = [^o,u + 2?7,., Ao,^ + 3r]^]. 

It follows that 

C - Ao,^/ > {Xo,u+i - Ao,t.)/3 and Ao,iy+i - C > (Ao,i/+i - Ao,i.)/3 for ( e 1^. 
Hence 

(5.16) sup (^\- + T-^ ^) < a,i := 6- ^— 

and 

(5.17) sup r 1 r h /2(Ao,i.+l - C) ) < <-^i^,2, 

Ce/. V ^ ~ Ao,i/ Ao,,.+i - c, / 

where 

^ O (Aq,^ + 1)-^/^ ^ (Ao,^+l + 1)^/^ ol/2^/ X N-1/2 

Gi^,2 •— 7 T 'J"^ ^ T G^ /2(,Ao,i/+i - Ao,i/; 

Ao,i/+l ~ Ao,i/ Ao,iy+i — Ao,i/ 

In view of (5.5) there is a Ci G [0, oo[ and a strictly increasing sequence {i'k)k&v 
N such that Ao,jy^,+i — Ao,jy^, > for /c e N and 

^o,^fc^/V(^o,^fc+i - Ao,^J ^ Ci as /c ^ oo. 
Since Ao,i/ — > oo as — > oo it follows that 

^ — > as k ^ oo. 

Ao,i/fc+i - Ao,i.fe 

Consequently, 

(5.18) C'ly^.^i — > and 6*^^,2 — ^ 6Ci as /c ^ oo. 
Choose Z such that 

< Z(6Ci + 1) < ^. 
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By Theorem 5.10 in [15] there is an eo with < eo < 1 and a bounded set Bi in 
H^{Q) such that for every e e [0, eo] the attractor Ae hes in Bi. Let Vq be the 
Liapunov function of tTq ^ defined by 

Vo:Hl{n)^R, (1/2)1 VwIls^ - [ F{u)dxdy. 

Here, as usual, F: if^(O) — ^ L^{Q) is the Nemitski operator defined by the function 
F{x) := f{s) ds, X eR. There is an Mq G ]0, oo[ so that Vo{u) < Mq for aU 
u E Aq. As in [15] it follows that 

B2 :={ueHlii})\Voiu)<Mo} 

is bounded. Define B := Bi U B2 and let L = L{l,B) and U = U{l,B) and 
g = g{l,B) be as in Corollary 5.1. By (5.18) there exists a A; e N such that 

(5.19) ^a„i<^ andZa„2<^. 

Fix such a A; and set z/ := i/fc- Since X^^u — ^ Aq,,/ and Ae^i^+i Ao,;y+i as e — 0+ 
and using (5.16) and (5.17), we may assume, by taking eo smaller if necessary, that 
for every e e [0, eo] and every C, E Iv 

Ae,i/ < C < Ae,i/+1, 



(5.20) sup + , ^ , \ < a,i 
and 

(5.21) sup ( (A.^+ 1)'^^ ^ (A..-+1 + 1?" ^c[i,{K,,,-0M < C,,.. 

^tep choice of a new norm. 

If e > endow H^{Q,) with the equivalent norm 

||tt||e := L\u\l2 + l\u\^. 

Write := BC^{H^{Q), \\ ■ ||e) with the corresponding norm 

\\y\k,e = sup e^*|||y(t)||e. 
te]-oo,o] 

If e = endow Hl{Q) with the equivalent norm 

||tt||o := L\u\l2 + Z|it|^i. 



INERTIAL MANIFOLDS ON SQUEEZED DOMAINS 33 
Write Zq := BC''{Hl{Q,), \\ ■ \\q) with the corresponding norm 

||y|lc,o = sup e^*||?/(t)||o. 

t6]-oo,0] 

It follows that for e e [0, eo], C ^ lu and y e BC'^{L'^{Q)) (resp. for e = and 

y e Bc^mm 

(5.22) \\Ke,.yk,e < (l/2)||/|c,L- 

Step 3: the contraction map F^. 

Fix ( and n E Ii, with ( < /j,. Since g:H^{Q) L^(0) is globally bounded, it 
follows that goy is globally bounded for every y e SC' (if^(O), e), e > 0. Moreover, 
since g maps Hl{Q) into Ll{fl) it follows that the nonlinear operator y ^ g o y 
maps into BC'^{L'^{n)) for e > and it maps Z^ into 5C^(L^ (!])). Moreover, 

\g{u) - g{v)\L2 < L\u - v\l2 + l\u - v\hi 

< \\u — f lie for u, V e H^(il,) 

so 

(5.23) \9 ° y - 9 ° w\c,L2 < \\y - i^Wce for y, w e Zf . 
It follows that the operator 

r,: R'' X Zf ^ Zf , (e, y) ^ S,,,(C, ^ o y) 
is well-defined. Spelled out in full, the operator reads as follows: 

re(e,y)(*) = e-^-^X^^e+ fe-^^'"''^'-'^Pe,.,ig{y{s))ds 

Jo 

+ I e~'^'^^^^^^~''^Pe,u,29{y{s)) for e M'^ x Zf and t < 0. 

J — oo 

If < e < eo then, by (5.22) and (5.23), is a uniform contraction in the second 
variable with contraction constant 1/2. It follows that for every such e there is a 
uniquely defined map (j)^:W ^ Z^, such that 

Either proceeding directly, or by using the fiber contraction theorem as in [4] or 
else by using the abstract results of [18 ] one proves that the map 0^ is of class 
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as a map from into and for every ^' e W and j = 1, . . . , z^, lies in 

and is given by the recursive formula 

(5.24) DUO^' = ^eA^',^) 
where 

v{s) := D^(0,(O(s)) s < 0. 

Step 4- behaviour as n ^ oo. 

Let ~^ in and let e„ — > 0+. We claim that 

(5.25) ||0^J^^)_0o(^o)||^_^^^O forn^oo, 
and for every ^' G M'' 

(5.26) |p0^J^^)(^')_i;0o(^o)(^')||^^^^^O forn^oo. 
In fact, 

(Pen{U)~MCo) = re„(^n,(/>e„(^n)) - (^n, 0o(Co)) 
+re„(^n,0o(^o))-ro(eo,0o(^o)). 

and 

l|re„(en,0e„(en)) -r,„(en,0o(eo))|lc,e„ < (1/2) ||</>e„ (Cn) - </>0 (Co) || C,e„ 

SO 

UeAU - M^0)\k,e^ < 2||re„(^„, ^0(^0)) - Tq (^0, 00 (^o)) |k,e„ 
= 2||Sg„,i/(^n,yn) - =0,1/(^0, yo)||c,e„ 

< 2(L + 0|Se„,^(^n,2/n) -Eo,u{Co,yo)\c,e^ 

where Pn = Vo = 9 ° (0o(Co)). Therefore (5.25) follows from Lemma 5.3. Now 

(5.27) \Dg{u)v\L2 < L\v\l2 + 1\v\hi <\\v\\e ioT u, v E H^{n). 
Therefore, using (5.24) and proceeding as in the proof of (5.25), we obtain 

(5.28) <2(L + 0|S,„,,(e',yn)-So,.(r,yo)lM,e„ 
where, for every s < 0, 

v{s) := DM^o)e{s), 
yn{s) := Dg{^^A^n){s))v{s) 
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and 

yo{s) := Dg{MMs))v{s). 

We claim that 

(5.29) \yn-yo\c,L^ asn^oo. 

Assuming this claim, we obtain (5.26) from (5.28), (5.29) and Lemma 5.3. To prove 
the claim, note that by (5.27) 

e''*|2/n(t) - yo(t)|L^ = e(^-^)*|i^^(0.„(en)(t))«;(t) - i^^(0o(eo)(t))«^(t)U^ 

where w{t) := e^*i;(t), so [[^^(t) ||to(t) ||o < ||'y||?7,o, t <0. 
Therefore, given 6 > there is a a < such that 

e^'\ynit)-yoit)U„<S fort<a. 

Thus we only need to prove that 

sup \Dg{(P,^{Cr.)it))wit) - Dg{Miom)w{t)\L2 ^ as n ^ oo. 

te[a,0] 

However, this is obvious since Dg:H^{Q) — > L[H^ {Q) ^ L'^ {Q)) is continuous and, 
by (5.25), 

sup |0e„(Cn)(^) - 0o(Co)(*)|hi ^0 as n ^ oo. 
te[a,o] 

Step 5: the global invariant manifold. 
Define, for < e < eo, 

K,:My^H\VL), ^^0,(0(0), 

and 

Ko-^^^Hi{n\ e^</,o(e)(o). 

By what we have proved so far, for every e e [0, cq] the map is well-defined, of 
class and (5.6) and (5.8) hold. It is well-known and easily proved that Ae(R'^) 
is an invariant manifold of the scmiflow Ti^^g which includes all orbits of solutions of 
TTe^g defined for t < and lying in Z^. Since g equals / on [/, it follows that every 
point in Ae is contained in Ae(]R^). The reduced equation on the manifold Ag(M'') 
clearly takes the form (5.7) and (5.8) implies (5.9). 

Step 6: the local invariant manifold. 
Let 

K := {e e I Vb(Ao(0) <Mo} = {CeW\ Ao{0 e B^}. 



36 



MARTINO PRIZZI AND KRZYSZTOF P. RYBAKOWSKI 



Since B2 is bounded and closed, it follows from (5.6) that K is bounded and closed, 
i.e. compact. 
Define 

V := eW \Vo{Ao{0) < Mo}. 

Thus V C K and V is open in W^. Since A{K) C U and K is compact and U is 
open in H^{Q,), it follows from (5.8), by choosing eo > smaller, if necessary, that 

A,iK)cU, ee[0,eo]. 

We also claim that, if eo > is small enough, then 

A-\A,)CV, ee[0,eo]. 

In fact if the claim does not hold, then there are sequences 0+ and ^ V 

with Un '■= Ae^(^ri) G Ae^- By Corollary 5.2 and Lemma 5.9 of [15] we may assume 
that — > Uq in H^{Q), where Uq G ^o- K follows that there is a ^0 ^ with 
Uq = Ao(^o)- Since, by (5.6), for every a G and every e G [0, eo], the j-th 
component aj of a is given by aj — {A^{a),We,j), it follows that Co in 

By the definition of V we have ^ G F, a contradiction, proving the claim. Set 
W :=Voo Aq: W R. Then, for every ^ G Ae"^(?7), we have 

VWiO ■ voiO = DVo{Ao{0)DAo{Oivo{0) 

= -iDAoiOivomL^'- 
Since there are no equilibria tt of tTq ^ with Vo{u) = Mo, it follows that 

L»Ao(0(^o(0)7^0, whenever W^(e) = Mo. 
By the compactness of K we now obtain that there is a 5 > such that 

VW{^) ■ vo{^) < -5, whenever W{^) = Mo. 
Therefore (5.9) implies that, if eo > is small enough, then 

VW{^) ■ v,(^) < -5, whenever W(^) = Mq. 

This shows, that, for e G [0, eo], the set V is positively invariant for the equation 
(5.7) so the set A^(V) C U is positively invariant for the semiflow j and Ae C 
A^{y). The theorem is proved. □ 
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6. Final remarks 

It is clear that Theorem 5.2, by its abstract nature, can easily be generalized 
to the case of an arbitrary smooth bounded domain Q C x M^, with n := 
M + N > 2. In this case the squeezed domain is defined by 

:= { {x,ey) \ {x,y) G 1)}, 

where now x e and ?/ e R^. If n > 2 one only needs to impose the condition 

(6.1) P < (272) - 1, where 2* = 2n/{n - 2) 

in (2.1), so the Nemitski operator associated with / is a C^-map of into 
(see [15] for details). The strict inequality in (6.1) makes it possible to use the 
Gagliardo-Nirenberg inequality in the proof of Theorem 5.1. 




Figure 3 

Of course, this generalization is meaningful only if one knows that the eigenval- 
ues of the limit operator Aq satisfy the gap condition (5.5). Under fairly general 
conditions, this is actually the case if M = 1 and N > 1 is arbitrary. In fact, one 
can easily extend the notion of nicely decomposed domain in order to cover this 
more general situation. If the additional condition (C) introduced in Section 4 is 
satisfied, then one can prove (5.5) by just repeating the arguments of Section 4. We 
do not enter into detail: Figure 3 illustrates a simple example of a three-dimensional 
domain on which this kind of analysis is possible. 

If M > 2 the problem of the spectral gap condition is much more delicate (see 
[12] and [13] for this and some related questions). Some (partial) generalizations 
of Theorem 5.2 should be possible for very particular three-dimensional domains, 
essentially for domains which are ordinate sets of positive functions defined on 
rectangles. 

One can also consider, much more generally, a squeezing transformation of an 
open subset of M^+^ toward an arbitrary smooth M-dimensional submanifold S 
of M^+^ (see [14] for details). If the eigenvalues of the Laplace-Beltrami operator 
on S satisfy a gap condition like (5.5) (e.g. when 5 is a sphere), some further 
generalizations of Theorem 5.2 have been obtained in [16]. 
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7. Appendix 

In this appendix we give the 

Proof of Lemma 4-4- First of all, we observe that, since q"{x) < on ]0, 1], the 
function q is concave on ]0, 1[. So, for x G ]0, 1[ and for all < e < x, we have 
q{x) + (e — x)q'{x) > q{e). Now, since q is continuous on [0, 1] and g(0) = 0, we get 

(7.1) < {q'{x)/q{x)) < {1/x) for x G ]0, 1]. 

Next, we analyze some properties of eigenvectors of (a^,6^). Let A be an eigen- 
value of (a^,&^), and let u e V{q) be a corresponding eigenvector. This means 
that 



1 rl 



/ qu'v' dx = A / quv dx for all v e Viq)- 
Jo Jo 

Choosing v e Co°(]0,l[) arbitrarily, we see that {qu')' e ^^-^^(0,1) and {qu')' = 
— Xqu. In particular, we see that {qu')' G C°([0, 1]), and hence qu' G C^([0, 1]). 
Moreover, taking v any function in C°°([0, 1]), with v = on [0,e], v = 1 on 
[1 — e, 1] , where < e < 1 — e, we obtain for any e, < e < e: 

pi rl pl—e 

A / quv dx = qu'v' dx = qu'v' dx 

Jo Jo Je 

= - J (qu'Yv dx + q{l - e)u'{l - e)v{l - e) - q{e)u' {e)v{e) 

= A / quv dx -\- q(l — e)u' {1 — e) . 

By letting e 0, we obtain that u'{l) — 0. Taking now v any function in C°°([0, 1]), 
with V = 1 in [0, e], v = on [1 — e, 1], where < e < 1 — e, we obtain for any e, 
< e < e: 

pl pi pl—e 

A / quv dx = qu'v' dx = qu'v' dx 

Jo Jo Je 

= - J {qu'Yv dx + q{l - e)u'{l - e)v{l - e) - q{e)u' {e)v{e) 

nl-e 

= A / quv dx — q(e)u'{e). 
By letting e — > 0, we obtain that {qu'){0) — 0. But now, for x G ]0, 1], we have: 

pX pX 

{qu'){x) — / {qu'y{s) ds — —X / q{s)u{s) ds; 
Jo Jo 

since q is nonnegative and nondecreasing on [0, 1], it follows that 

\q{x)u'{x)\ < A / g(s)|'u(s)| ds < Xq{x)\u\ooX, 
Jo 
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(7.2) \u'{x)\<X\u\^x. 

In particular, u e C^([0, 1]) and u'{0) = 0. 

Assume now that A 0. Then u' ^0. Let us define 

w{x) := q{xy^'^u'{x), x G [0, 1]. 

Then w e C°([0, 1]) and w{0) = w{l) = 0. Moreover, in ]0, 1] we have: 

w' = iq-^/^qu'Y = -lq-^/\'qu' + q-^/^iquJ 

= A^qi/\'-q-i/2Xqu 
2 q 

= — —w — Xq^/^u. 
2q 

From this equality, it follows that w' G C°(]0, 1]), so w G C^(]0, 1]); but then the 
same equality implies that w' G (^-"^(jO, 1]), so G C^(]0, 1]). Moreover, (7.1) and 
(7.2) imply that w' G L^(0, 1), so G -ffg- We compute w": 

1 Iq' , 



w" = -- \ — \ w 



1 {q'\' Iq' { Iq' 



— - I — I w — -— \ —-—w — \q^^^u\ \q ^^'^q'u — Xw 

2\qJ 2q\ 2q J 



- — w + -^w - Xw 
2\qJ 4 g2 

1 q"q - 1 g'2 

3 q" Iq" . . 
4^-27'""^" 



Let us define 



Q(.)-=^^-i^ .GlOll 
Observe that < Q{x) < -{Z/A){q'/q)'{x) on ]0, 1]. We claim that Q^/'^w G 



40 



MARTINO PRIZZI AND KRZYSZTOF P. RYBAKOWSKI 



L^(0, 1). In fact let e, < e < 1, be arbitrary: by (7.1) and (7.2), we have: 



3 /"V n'\' 



Qw^dx <-J (^-^ ) w^dx 



Q 

3,| |2 I I / Q' 2 

= ^'^Plookloo I -—X 

< 



+ 2 —X dx 



^^l^lLklcx) + 2^ ^xdx^. 



Since e is arbitrary, the claim is proved. 
Let us define the Hilbert space 

U{Q) := jo; e H^{0, 1) | Q^/^u e L\0, 1) } , 

with the scalar product 

{(jj,w)u(^Qy.= / (jj'w'dx+ / Qojzudx. 
Jo Jo 

Let us notice that U{Q) ^ ifo(0, 1) with continuous imbedding, so the imbed- 
ding U{Q) ^ L'^{0, 1) is compact. Moreover, U{Q) is clearly a dense subspace of 
L^(0, 1), since it contains Co°(]0, 1[). The hypothesis of Proposition 2.2 in [15] is 
then satisfied by the pair (aQ,b), where ag := (•, ■)u{Q) ctnd b := (•, •)l2(o,i) • Then 
it follows that there exists an eigenvalue-eigenvector sequence {^^ ,UJ^),^^^ of the 
pair (aQ,b) such that 

and (a;^)jy£N is a complete orthonormal system in L^(0, 1). We have proved above 
that w e U{Q). We claim that 



1 



w uj dx -\- I QwLO dx = X wlo dx for all a; e C/ (Q), 
Jo Jo 

i.e. (A, w) is an eigenvalue-eigenvector pair of (ag, b). In fact, for every e, < e < 1, 
we have 

J w'u)' dx = — J w" u) dx + w' <jj\l 

= — J QwLodx + X J wu) dx — w' {€)uj{€). 
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Then 



Recall that 



/ w'u)'dx+ / Qwujdx = X / wu) dx — limw' {e)u){e). 
Jo Jo Jo 

so, by (7.1) and (7.2), it follows that w'{e)uj{e) — > as e — > and the claim is 
proved. 

Thus we have proved that, whenever (A, u) is an eigenvalue-eigenvector pair for 
{a'^,h'^) and A 7^ 0, then (A, g^/^w') is an eigenvalue-eigenvector pair for (aQ,b). 
Assume now that A 7^ is an eigenvalue of (a'^, 6"^), and that u^u E V{q) are two 
linearly independent corresponding eigenvectors. Let w :— q^^'^u' and w :— q^^'^u'. 
Then also w and w are linearly independent. Otherwise, we could find ^ 7^ such 
that w = ^w, that is q^^^u' = ^q^f^u' . Since q{x) > on ]0, 1], it follows that 
u' = ^u' . So there is a constant C, such that u = ^^u -\- C,, that is u, u and 1 are 
linearly dependent, a contradiction. This means that the multiplicity of A as an 
eigenvalue of (a^, 6"^) is less then or equal to the multiplicity of A as an eigenvalue 
of (aQ,b). So we can conclude that 

A? = and \l > for u>2. 

In order to complete the proof, we need to show that fj,^ > n^u^, for v = 1,2, . . . 
This is done as follows: by Proposition 2.2 in [15], 

o ■ c Io'^'^^^ + /o^Qt^^dx 
arf = mf sup — — — , 

EeUAQ) u,eE\{o} Jo t^^dx 

where Uv{Q) is the set of all i/-dimensional subspaces of U{Q). Since Q > and 
U{Q) C i^oHO, 1), it follows that 

r^cj'^da; 

E&A^ a;e£\{0} Jq UJ^ dx 

where Uu is the set of all //-dimensional subspaces of Hq({),1). But (//°)i/eN are 
exactly the eigenvalues of the Dirichlet problem 

uj"{x) = fxuj{x), X G ]0, 1[ 

u{x) = 0, xe {0, 1} 

This implies that = tt^i^^, v = 1,2,..., and the proof is complete. □ 
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